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CENTROIDS AND COMPARISON OF VOLUMES. 


V.YASKIN AND M.YASKINA 


Abstract. For —1 < p < 1 we introduce the concept of a polar p- 
centroid body FpK of a star body K. We consider the question of 
whether V*K C r*L implies vol(I/) < vol(A'). Our results extend the 
studies by Lutwak in the case p = 1 and Grinberg, Zhang in the case 

p > 1. 


1. Introduction 

Let A be a star body in M”", then the centroid body of A is a convex 
body LA dehned by its support function; 

hrxiO = / \ix,0\dx, 

vol(A) Jk 

Let A and L be two origin-symmetric star bodies in M"' such that LA C 
TL, what can be said about the volumes of A and L? Lutwak ^ proved 
that, if L is a polar projection body then vol(A) < vol(L). On the other 
hand, if A is not a polar projection body, then there is a body L, so that 
LA C TL, but vol(A) > vol(L). Since in every convex body is a polar 
projection body |S], the results of Lutwak imply the following: 

Suppose that A and L are two origin-symmetric convex bodies in R”' such 
that TK C TL. If n = 2, then we necessarily have vol(A) < vol(L), while 
this is no longer true if n > 3. 

Let A be a star body in R”' and p > 1, then the p-centroid body of A is 
the body LpA defined by: 


f^FpKiC) 



( 1 ) 


Note, that if p > 1, then hppX is a convex function, and, therefore, TpK is 
well-dehned. The polar of TpK is called the polar p-centroid body of A and 
denoted by r*A. Since the support function of a body is the norm of its 
polar, h = II • II*, the polar p-centroid body of A is given by 


The p-centroid bodies and their polars have recently been studied by 
different authors, see e.g. |(XIj . |(lZj . [Lj . |LYZj ■ [LZj . In |(IZj Grinberg 
and Zhang generalized the results of Lutwak discussed in the beginning of 
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this section. Namely, let K and L be two origin-symmetric star bodies in 
M"' such that for p > 1 


TpK C TpL. 

They prove that if the space (M”, || • ||i) embeds in Lp, then we necessarily 
have 


vol(it') < vol(L). 

On the other hand, if (M”, || • H/^') does not embed in Lp, then there is a body 
L so that TpK C TpL, but vol(iir) < vol(L). 

Note, that if p = 1 the positive answer holds for all convex bodies in R^, 
while if p > 1 there is no dimension where this would always be true. The 
preceding remark suggests considering p < 1 in order to make the answer 
affirmative in higher dimensions. 

If p < 1, then the function hrpA'(0 iii O is not necessarily convex, 
therefore it is not a support function, but the definition of the polar p- 
centroid body still makes sense, even though these bodies may be non- 
convex. So for all p > — 1, p 7 ^ 0 we define the polar p-centroid body of a 
star body K by the formula: 

For p = 0, this definition looks as follows (if we send p —> 0): 

U\\r*K = exp ^ e R”. (4) 

Now we can ask the question discussed above for all p > —1. Namely, 
suppose that 


r;T c t ; k , (5) 

for origin-symmetric star bodies K and L. Does it follow that we have 
an inequality for the volumes of K and L? In this paper we show that if 
(R”, II • 11 /,) embeds in Lp, p > —1, then we have vol(iir) < vol(L). However 
if (R”", II • ||i^) does not embed in Lp, we construct counterexamples to the 
latter result. 

These results can also be reformulated as follows: 

(i) If 0 < p < 1, then in R^ the condition m implies that vol(iF) < vol(L), 
while this is no longer true in dimensions n > 3. 

(ii) If — 1 < p < 0, 0 implies that vol(iF) < vol(L) if and only if n < 3. 
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Clearly the integral in © diverges if p < —1, but still we can make sense 
of this integral considering fractional derivatives. Indeed, if —1 < p < 0 

1 


voik 


/ 


vol(i^) 

1 r 


yol{K) 


J{x,^)=z 

\z\^Ax^^{z)dz 


x{\\x\\K)dx dz 


2r(p + i)^(_,_i)(o)^ 


vol(iir) 




where Ax,^(z) is the parallel section function of K, and ^^(0) is its 

fractional derivative at zero. (For details on fractional derivatives, see e.g. 
|K51 Section 2.6]). So, in such terms our problem can be written as follows: 

Suppose K and L are two origin-symmetric star bodies, so that for all 

^ e 




< 


4rbo) 


vol(iir) vol(L) 

Do we necessarily have an inequality for the volumes of K and L? 

Note that Koldobsky already considered such inequalities (see e.g. 
without dividing by volumes. So, for — 1 < p < 0 the positive part of our 
results can also be obtained from the results of Koldobsky, but we give our 
own proof. The case p = — 1 leads to the following modification of the 
Busemann-Petty problem. Let K and L be two convex origin-symmetric 
bodies in M” such that 


voln-i(K ng-^) ^ vol^_i(L n^-^) 
vol(iL) ~ vol(L) 

Does this imply an inequality for the volumes of K and L? 

It is easy to show that in dimensions n < 4 we have vol(L) < vol(iL). The 
proof is almost identical to that of the original Busemann-Petty problem 
from IHES]. The counterexamples in dimensions n > 5 from also 

work in this situation. 

In view of all these remarks one can consider our results as a certain bridge 
between the results of Lutwak-Grinberg-Zhang about p-centroid bodies and 
the results of Busemann-Petty type obtained by Koldobsky. 


2. Centroid inequalities for —1 < p < 1, p / 0. 

The Minkowski functional of a star-shaped origin-symmetric body K C 
M"’ is defined as 

\\x\\k = min{a > 0 : x G aK}. 

We denote by (M”, || • H^c) the Euclidean space equipped with the Minkowski 
functional of the body K. Clearly, (M"", || • jji^) is a normed space if and only 
if the body K is convex. 
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The support function of a convex body K in is defined by 
/lif (x) = max(x, ?), X e M"". 

If K is origin-symmetric, then hx is the Minkowski norm of the polar body 
K*. 

A well-known result going back to P.Levy, (see [BLl p. 189] or m Section 
6 . 1 ]), is that a space (M'^, || • ||) embeds into Lp, p > 0 if and only if there 
exists a finite Borel measure // on the unit sphere so that, for every x £ M"", 

\\xr=[ i(x,oRMO- ( 6 ) 

On the other hand, this can be considered as the definition of embedding in 
Lp, — 1 < p < 0 (cf. |K2j i. 

It was proved in m that a space (M”, || • ||) embeds isometrically in 
Lp, p > 0, p ^ 2N if and only if the Fourier transform of the function 
r(— p/2)||xp (in the sense of distributions) is a positive distribution outside 
of the origin. If —n < p < 0 a similar fact was proved in |K2j: a space 
(M”, II • II) embeds in Lp if and only if the Fourier transform of || • p is a 
positive distribution in the whole M". 

Now we are ready to prove our first result. 


Theorem 2.1. Let —1 < p < 1, p 7 ^ 0. Let K and L be origin-symmetric 
convex bodies in R"', so that {EL, || • ||i^) embeds in Lp and 

T*pK C F;L. (7) 

Then vol(L) < vol(i^). 


Proof. First let us prove the case 0 < p < 1. Since (R'^, || • ||j^) embeds in 
Lp, there exists a measure pLx on the unit sphere such that 

lkll^= [ \{x,CWd^KiO- 

Note that © can be written as 

[ \ix,f.Wdx< I [ \{x,f)\Pdx, ( 8 ) 

vol(L) Jl vol{K) Jx 

Integrating both sides of the last inequality over S"'~^ with the measure 
fix, we get 

w.N [ [ \{x,0\^dx dfixi^) < [ f \{x,f)\Pdx dfixiO- 

vol(L) Jsn-i Jl vo1(A) Jsr^-i Jx 

Applying Fubini’s Theorem, 


l^dx 


< 


vol(it') 


<K 


l^dx. 


vol(L) 


(9) 
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Note that 


b 




IIk 


r0||^ r"" ^dr ) dO 


'S"-i 

1 


n + p Js^-^ 

Therefore, © can be rewritten as 
1 


vol(L) 


L 


Using the inequality 
1 


vol(L) 


L 


x\fj^dx < 


n 


\^d9 — 


n 


n 


n + p 


vol(iir). 


n + p 


\x\ficdx > , , , 

^ n+p \vol(ir )J 


vol(L) \ 


p/n 


( 10 ) 


from |Mn Section 2.2], we get 

n 1 i 

> 


n+p 


vol(L) 


Ixjj^dx > 


n f vol(L) \ 


n + p \ VO. 


p/n 


1{K)J 


therefore vol(L) < vol(iir), which proves the theorem for 0 < p < 1. 
Now consider — 1 < p < 0. In this case 0 is equivalent to 


vol(L) 


\{x,^)\Pdx > 


voi(iir) 


\{x,0\Pdx, 


( 11 ) 


'K 


Since II • Ik) embeds into Lp, p > —1, there exists a measure pK on 
the unit sphere such that 


I IIP 

miK — 


[ \ix,CWdpKiO- 


Integrating both sides of m over 5” ^ with the measure px and using 
the same argument as in the first part of the proof, we get 

I 


vol(L) 


|x|kdx > 


n 


n + p 

Passing to spherical coordinates and applying Holder’s inequality 

1-1 \ 


( 12 ) 


jxjkdx = 


/ 

Js^-^ 


11011 


10 


r^+P-^\\efj^dr dO 


1 


< 


n+p Jsr^-i 
1 


n+p 

n 

n+p 


\mi--p\mp,de 

\ in+p)/n 

^ \mi^d9j 


\\9\\--d9 


-p/n 
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So (IT^ can be written as 

= (vol(L))^^"'(vol(iir))~^^"'. 

Therefore, using the fact that p < 0, we get vol(L) < vol(ii'). 

□ 

Since all 2-dimensional spaces embed in Li, and therefore in Lp with 
—2 < p < 1 (see e.g. m Chapter 6]), and all 3-dimensional spaces embed 
in Lq, and therefore in Lp with —3<p<0 (see [KKYY] ). we have the 
following 

Corollary 2.2. Let K and L be origin-symmetric convex bodies in M”', so 
that TpK C r*L. Then 

i) if 0 < p < 1, we necessarily have vol(-L) < vol{K) in dimension n = 2, 

ii) i/ —1 < p < 0, we necessarily have vol(L) < vol{K) in dimensions 
n = 2 and 3. 


In order to show a negative counterpart of Theorem EH we need some 
lemmas. The following Lemma is |K51 Corollary 3.15] with A: = 0 and 

p= -q-1. 

Lemma 2.3. Let —1 < p < 1, p 7 ^ 0. For an origin-symmetric convex body 
K in M"" we have 


X 


I 


(0 = 


TT 


K / 2r(p -|-1) sin ( 7 rp/ 2 ) J 

We will use this formula in the following form: 




7r(n -l-p) 


1(0,or m-K^-^do. 


\{x,C)\Pdx. 


2T{p -\- 1) sin ( 7 rp/ 2 ) 

Also we can write this formula in terms of fractional derivatives of the 
parallel section function of K. Recall that the parallel section function of a 
an origin-symmetric star body K is defined by 


^K,i{z) = / x{\\x\\K)dx. 

J (x,E)=z 


Lx,i)=z 

For — 1 < g < 0 the fractional derivative of this function at zero is defined 
by 


4!e(o) = 


1 


I ^ '^AK,^iz)dz = 2Y(-q) ^ 


2 r(-g) 

In fact one can see that this can be analytically extended to g < —1. There¬ 
fore Lemma ESI can be reformulated as follows. Let —1 < p < 1, p / 0, 
then 


I ~'^~P 


J sin( 7 rp/ 2 ) 

Note, that for —1 < p < 0 this formula was proved in [HKHj. 


T^in + p) A-p-i) 


( 0 ). 
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Now recall a version of Parseval’s formula on the sphere proved by Koldob- 
sky |K3j ■ 

Lemma 2.4. If K and L are origin-symmetric infinitely smooth bodies in 
M” and 0 <p <n, then (||x||^^)^ and are continuous functions 

on 5”“^ and 

[ (ikll/) (0 = j WxWflWxWfJ^^'^dx. 

Remark 2.5. A proof of this formula via spherical harmonics was given in 
|K4j . Repeating this proof word by word and using the above definition of 
the fractional derivative of order q < —1, one can easily extend this result 
to —1 < p < 0. 

Now we prove a negative counterpart of Theorem 12.11 

Theorem 2.6. Let L be an infinitely smooth origin-symmetric strictly con¬ 
vex body in M”', for which {EL, || • does not embed in Lp, —1 < p < 1, 
p 7 ^ 0. Then there exists an origin-symmetric convex body K in such 
that 


but 


T*pK c r;L. 

vol(L) > vol(Ar). 


Proof. First consider 0 < p < 1. Since (M”, || • ||l) does not embed in Lp, 
there exists a ^ G S"'~^ such that (||x||^)^ (f) is positive, for more details 
see |Klj . Because (||x||^)^ {9) is a continuous function on 5”“^, there exists 
a neighborhood of f where it is positive. Define 

S! = {9 € S"-‘: dliliy''(0) > 0). 

Choose a non-positive infinitely-smooth even function v supported on D. 
Extend n to a homogeneous function \x\f'^~^v{x/\x\ 2 ) of degree —n — p on 
M”. By |K51 Chapter 3], the Fourier transform of \x\f'^~^v{x/\x\ 2 ) is equal 
to \x\^ g{x/\x\ 2 ) for some infinitely smooth function g on 
Define a body K by 

\\x\\f,^-^ = \\x\\l--^ + e\x\f^-^g{x/\x\2) 

for some small e so that the body K is convex (see e.g. the perturbation 
argument from [K51 Section 5.1]). Applying the Fourier transform to both 
sides we get 


(llill?"')'' ({) = (^117"“")" {() + e(2»)”|{&({/lel2). 

So using the formula from Lemma ESI 

(0 = r(-p)sin \{x,CWdx 
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we have 


Consider the integral 


\{x,C)\Pdx< / \{x,C)\Pdx. 


(13) 


IK 


—n—p 

K 


_{wrL)''({)(ii 
/ (wiy''{f)(ii 


, A 


I ~'^~P 


{C)di + e(27r)' 


/gn-l 


< 


(27r)” f ||a:||^||x||^"'~^dx = (27r)"nvol(L). 




(14) 


Here we used a version of Parseval’s formula iLemma 12.41 and Bemark 12.51) 
and the fact that v is negative on H. 

On the other hand, again using Parseval’s formula and eg 


f dkiiy''© (ikii/"")''«)<!{ = (2^)" [ 

Jsri-l ^ / JS"-1 

= {2TT)^{n + p) j^Wxf^dx > (27r)”nvol(B:) 

Combining (HI and m we get 

vol(B') < vol(L). 

Now from (HU) and m it follows that 


I IIP II II —IT.— 

\x\\t be 


pin 


^dx 

(15) 

(16) 


1 


vol(L) 

which is equivalent to 


\{x,^)\Pdx < 


vol(it') 


'K 


\{x,^)\Pdx, 


T*K C T*L. 


Now consider the case —1 < p < 0. Since (M”, || • ||l) does not embed 
in Lp, there exists a ^ G 5'"'“^ such that (||x||^)^ (^) is negative, see EH. 
Dehne 

f! = {«£S”-C{WyG9)<0} 

and choose v{9) the same way as in the hrst part. 

Define a body K by 


\x 


I 

\k 


\x 


I ~'^~p 


+ e|x|2” ^g{x/\x\2) 


vol(it') vol(L) 

for some small e so that the body K is convex. Applying Fourier transform 
to both sides we get 


1 


vol(iF) 


I —n—p 

\k 


\ ^ 

) (0 = 


1 


vol(L) 


I ~^~P 


(0 + 6(27r)"|e|MC/|C|2). 
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Again using the formula from Lemma EHl and the fact that v{0) is non¬ 
positive, we have 

which is the same as 

r;iL c r;L, 

since — 1 < p < 0. 

Consider the integral 


vol(iL) 






vol(L) 


f (uiiyhf)(ii*iii”-’’)LfK+£(2»)" / (iiiiiDLf)t'Kw 


> L. Cl""')''® (UIIZ"-')'«)<'? = (17) 

Here we used Parseval’s formula and the fact that v is negative on H. 

On the other hand, again using Parseval’s formula and Holder’s inequality 



= (27r)"n(vol(L))-P/”(vol(iL))(”+P)/”. (18) 


So combining m and m we get vol(L) > vol(Ar). 


□ 


Corollary 2.7. The result of Thenrern, \2. fA can he formulated as follows: 

i) Let — 1 < p < 0. There exist origin-symmetric convex bodies K and L 
in so that T*K C T*L, but vol(L) > vol(Ar). 

a) Let 0 < p < 1. There exist origin-symmetric convex bodies K and L 
in so that T^K C PpL, but vol(L) > vol(iL). 

Proof. Consider only the case —1 < p < 0, the other case is similar. In 
view of the previous theorem it is enough to construct an origin-symmetric 
infinitely smooth convex body L G for which the distribution (||a)||^)^ is 
not positive. The construction will be similar to that from |CKSj . 

Define fnix) = (1 — — Nx^Y/^, let oat > 0 be such that /Ar(aAr) = 0 

and fN{x) > 0 on the interval (0, oat). Define a body L in by 

L = {(xi, X 2 , X 3 , X 4 ) G : X 4 G [—oat, otv] and x\-\- x"^ + x\ < fnixA)}- 
The body L is strictly convex and infinitely smooth. 
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By the formula 




cos 


7rg 


n — q — 1) 


X 


|-n+(j+l\ ' 


(0 


from IHESl and the definition of fractional derivatives, we get 


X 


’)"(6 = 


irp 


A 


(3+p) 


COS 


7r(3+p) -^' 1 ? 


7rp 


( 0 ) 


r(— 3 — p) cos 


r(3+p) 


f 


AL,i{z) - AL,dO) - Al^ior-^ 

z^+P 


dz. 


Note that the coefficient in the latter formula is positive, therefore it is 
enough to show that the integral is negative. 

The function A^^^ can easily be computed: 


47r 

AL,i{x) = —(1 - - A^x"^). 


We have 


/' 


A^{z) - A^{Q) - AH^Y-^ 


dvr 

Y 


1 


i+P 


z^+P 


+ 


dz = 

1 


1 


(l+p)aS+^) 


(3+p)a^ / 

The latter is negative for N large enough, because 1 as N ^ oo. 

□ 


3. Centroid inequalities for p = 0. 


In this section we extend the results of the previous section to p = 0. 
First we need some preliminary results. The concept of embedding in Lq 
was introduced in |KKYY| : 


Definition 3.1. We say that a space (M”, || • ||) embeds in Lq if there exist 
a finite Borel measure p on the sphere 5”“^ and a constant C e M so that, 
for every x G MA, 


ln||x||= [ In |(x,^)|dp(^) + C. 

Js^-^ 


(19) 


It follows directly from the definition that p is a probability measnre, and 
the constant C equals 


C 


1 



In ||x||(ix 



r'(l/ 2 ) + 


ir'(n/2) 

2 r(n/2)■ 


( 20 ) 


Also it was proved that if K is an infinitely smooth body then (In ||x||x)^ (0 
is a homogeneous of degree —n function on MA \ {0}, as seen from the fol¬ 
lowing 
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Theorem 3.2. [KKYYl Theorem 4.1] Let K be an infinitely smooth origin- 
symmetric star body in ML. Extend to a homogeneous function of 

degree —n of the variable ^ G M” \ {0}. Then 
i) if n is odd 

(In ||X||^)^ (0 = ^ ^ \ |o| 

a) if n is even, then for ^ G M” \ {0}, 


(In llxjlii-)^ (0 = a, 


L 




- ...-a: 




■n — 2 


dz, 


where an = 2(—l)’^/^+^(n — 1)! 


In particular, for an infinitely smooth origin-symmetric star body K, 
(In ||x||k)^ (0 is a continuous function on and moreover the measure 

in Definition 13.II equals 


MO = 0^ Iklk)^ iOdO 

Since fi is a probability measure, one can see that 



n ||x||x)^(^)d0 


-Mr 


( 21 ) 


for any infinitely smooth origin-symmetric star body K (see [KKYYl Re¬ 
mark 3.2]). 

In our next Lemma we prove that a representation similar to m holds 
for all infinitely smooth bodies, with ^ being a signed measure. 


Lemma 3.3. Let K be an infinitely smooth origin-symmetric star body in 
M", then 

ln\\x\\K =[ ln\{x,f,)\{ln\\x\\Kr {f,)df,+CK, ( 22 ) 

(27r)^ Jsn-i 

where Ck is the constant from EU\) . 

Proof. Since the body K is infinitely smooth, by Theorem l3.21 (In Uxjji^)^ (^) 
is a continuous homogeneous function of degree —n on M”" \ {0}. 

Let (j) be an even test function supported outside of the origin, then 


^lnl(x,0l(lnllxllii')^ (Od?^ , 

lnl(x,OI (InllxJlii')^ {(,)df,,M) 

[ [ lnl(x,OI(lnllxlli^)^ (Od^ fi{x)dx 

iR" US"-^ 
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/ [/ 

J5"-i Jm 


In \{x,^)\(j){x)dx 


(Inlklk)'^ iOd^ 


Now compute the inner integral using Fubini’s theorem and the connec¬ 
tion between the Radon and Fourier transforms: 


ln\{x,^)\(f){x)dx = / In I 




(j){x)dxdt 


= - {ln\t\nz) 

ZTT ,/n 


I ${x)dx\ {z)dz = — f \z\ ^4>{z^)dz 

J{x,^)=t J 2 Jk 


nn—l^n 
= —Z TT 


/• roo 

' / \z\~~^(f){zS^)dz = —(27r)” / z~^(l){z^)dz 

iK Jo 

Here we used the formula for the Fourier transform of ln|f| (see insi 
p.362]) 

(In | 2 ;|)^ (f) = —7r|t|“^ (23) 

outside of the origin. Therefore, passing from polar to Euclidean coordinates 
and recalling from Theorem Ea that (In llxllic)^ is a homogeneous function 
of degree —n on M” \ {0}, we get 


((/ 


ln|(x,OI (In ||x||k)^ (0^^? ,(/>) 


(ln||x||i^)^ {C)di 


/* r 1*00 

= -(27r)” / / z~'^(l){zi)dz 

-(2vr)'' [ (f){y) (In ||x||x)^ iy)dy = -(27r)''((ln ||x||k)^ , </>)• 

JR" 


It follows that 


as distributions outside of the origin. Hence, the functions —(27r)"'In HxHii- 
and Jgn-i In |(a:,^)| (In ||a:||j^)^ (O^C niay differ only by a polynomial. But 


(27r)- Jsn-i 


ln|(x,OI (Inllxllii-)^ {^)d^ + ln\\x\\K 


is a homogeneous function of degree zero, therefore this polynomial is some 
constant C, which is exactly the constant from Definition 13.IL as computed 
in |KKYY| . 

□ 


Now we need a version of Parseval’s formula for Lq. How does the formula 
of Lemma 1231 look like if we pass to the limit as p —> 0? The answer to this 
question is given in our next Lemma. Even though in the proof we are using 
an argument based on Lemma ESI one can obtain the following Lemma by 
taking the limit in Parseval’s formula. 
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Lemma 3.4. Let K and L be infinitely smooth origin-symmetric star bodies 
in M”, then 


1 

(2^ 




In |(x, .^)|dx 


(ln||x||K)^(0^^? 



CK)dx 


Proof. By Lemma 13.31 we have 

/ ln|(x,OI (ln||x||i^)^ (Od? = ln||x||i^ - Cii-. 

(2vr)” JS"-i 

Integrating this equality over the body L we get the statement of the Lemma. 

□ 

Now we prove the main result of this section. 


Theorem 3.5. Let K and L be two origin-symmetric star bodies in M” such 
that (M"’, II • ||j^) embeds in Lq and 

r^K C ( 24 ) 

for every f G , then 

vol(L) < vol(iC). 

Proof. Since (M"', || • Hr-) embeds in Lq, there exist a probability measure fiK 
on (which is the restriction of the Fourier transform of In ||x||r: to the 

unit sphere) and a constant Ck from Definition 13.11 
Rewrite inequality (HI) as follows: 

/L^n|(x,g)|dx ^ Jj^\n\{x,f)\dx 
vol(L) ~ vol(iF) ’ 
and integrate it over S'^~^ with respect to ^lk to get 


jgu-i 


/Lln|(x,0|dx 
vol(L) 


dtiK{f) < 


f /R-ln|(x,0|dx 
vol(iF) 


dlJ-K{i) 


Using the Fubini theorem and the definition of embedding in Lq, we get 


1 


vol(L) 

Therefore 


(In ||x||r- — CK)dx < 


1 


vol(iF) 


'K 


(In IIxIIr- — CK)dx 


—[ InllxIlR-dx^—-i— / In llxIlR-dx = 
vol(L) Jl vol[K) Jk n 

where the latter equality follows from the formula 


1 


vol(iF) 


|x||^dx = 


n 


IK n+p 

that we had earlier, after differentiating and letting p = 0. 

Now use the following inequality from Milman and Pajor [MPl Section 

2 . 2 ]: 

—[ In ||x||R-dx > -- + -[ln(vol(L)) - ln(vol(iF))] (25) 
Aoi(_Lj Jl n n 
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Therefore 


vol(L) < vol(K). 


□ 

Corollary 3.6. Since every three dimensional normed space embeds in Lq 
( see |KKYY1 Corollary 4.3]J, the previous theorem holds for all convex bodies 
in 


To prove our next Theorem we need the following Lemma. 


Lemma 3.7. Let K he an origin-symmetric star body in M”, then the 
Fourier transform o/ is a continuous function on \ {0} and equals 


(6 = - n 


/ ln|(x,^)|dx + 
JK 


+ (nr'(i)-i)voi(iL)- / \\e\\f,^\n\\e\\Kde. 


Proof. Let (f be an even test function. Using the definition of the action of 
a homogeneous function of degree —n (see |GS1 p.303]) we get 

I— n\A 




f ~ f \\x\\jf^^{x)dx 

JBiiO) JR"\Si(0) 

+ 


/ / r~^\\9\\ff^{^{r6) — (f){0))drd9 / / r~^\\9\\jF(f>{r9)drd9 

Js^-^ Jo JJi 

[ 


2 Jsr^-l 

u 

2 


rl 1*00 

/ r~^{(f>{r9) — (j){0))dr / r~^(j){r9)di 

Jo Ji 

Jp{\r\~^A{r9))d9 


r d9 


|-"(2r'(l)-21n|t|, 




4>{f,)di)d9 


= ( 


'S"-i 


I 

\k 


(T'{l)-\n\{9,i)\)d9,m). 

here we used the formula for the Fourier transform of |r|“^ from 

(|r|-y(t) = 2r'(l)-21n|t|. 

Thus we have proved that 


p.361]: 


(Ik 


I 

\k ) 


(0 = [ lkll^"(r'(i)-in|(0,e)|)d0. 

J Qn 1 


(26) 
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Next, let US compute the following: 


IK 


ln|(x,0|(ix = [ [ 

JO 

■ i / 

Jo 


r” ^\n\{rd,^)\drdd 


IIK 


S"-1 JO 
n—1 


In rdrdO + 


r'^-^drde 


- --f 

n J 

Therefore 


rlW 

ln|(0,OI / 

-1 Jo 

-ln||0||^ + i||0||-)d0 + i f ||0||--ln|(0,O|d0 

n / n J 


[ \\e\\],^\n\{ 9 ,ade = 

= n J^ln\{x,^)\dx + -i 

Combining this formula with the formula (El, we get 

(lkllx'')^(0 = - nf ln|(x,0|fia: + 

Jk 

+ {nT\l)-l)vol{K)- [ \\9\\-^ In\\9\\Kde. 


□ 


Theorem 3.8. There are convex bodies K and L in M"', n > 4 such that 


for every ^ G S'” ^, hut 


TIK C r*L 

vol(it') < vol(L). 


Proof. Let L be a strictly convex infinitely smooth body in M”, n > 4, for 
which —(ln||x||i)^ is not positive everywhere. (See IKKVYl Theorem 4.4] 
for an explicit construction of such a body). 

Let f G S”“^ be such that —(In ||x||l)^(^) < 0. By continuity of the 
function (In || 2 :||i)^( 0 ) on the sphere there is a neighborhood of ^ where this 
function is negative. Let 

L? = {0 G S”-^ : -(In ||x||i)^(0) < 0}. 

Choose an infinitely smooth body D whose Minkowski norm ||x||£) is equal 
to 1 outside of fl and ||x||£) < 1 for x G 0. Let u be a homogeneous function 
of degree 0 on M” \ {0}, defined as follows: 

v(x) = In \\x\\d — In |a:| 2 . 

Clearly v{x) < 0 if x G and v{x) = 0 if x G S”“^ \ fl. 

In view of Theorem 1,3.2L the Fourier transforms of ln||x||£) and ln|x |2 
outside of the origin are some homogeneous functions of degree —n, therefore 
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the Fourier transform of v(x) outside of the origin is equal to \x \2 '^g{x/\x\ 2 ) 
for some infinitely smooth function g on S^~^. Since by m 


f (In ||x||i5)^(6*)(i0 = f {In\x\ 2 )^{0)d9 = —{Itt)"', 


we have 


/ 9{e)d9 

Define a body K by the formula: 


= 0 . 


(27) 


\K 


vol{K) vol(L) 


+ n(27r) "'e\x\2"'gix/\x\2). 


(28) 


Note that formula dUl) validates this definition, since integrating the last 
equality over the unit sphere we get the same quantity in both sides. Also, 
since L is strictly convex, there is an e small enough, so that K is also convex 
(see e.g. the perturbation argument from |K51 Section 5.1]). From now on 
we fix such an e. 

Now we will show that K together with L constructed above satisfy the 
assumptions of the theorem. Apply the Fourier transform to both sides of 
(OHl) . Note, that the Fourier transform of \x\ 2 '^g{x/\x\ 2 ) is equal to (27r)"'u 
on test functions, whose Fourier transform is supported outside of the origin. 
Such distributions can differ only by a polynomial, which must be a constant 
in this case, since both functions cannot grow faster than a logarithm (see 
Lemma EH). So 

{\x\2'^g{x/\x\2))^ = (27r)”(u + Q!), 

for some constant a whose value has no significance for us. Hence, by Lemma 
Eza the Fourier transform of (EHI) looks as follows: 


_ nJj^ln\{x,C)\dx _ n J^ln\{x,C)\dx 
vol(Ar) vol(L) 

where the constant C equals 

lKMK^^^MKd9dx 


+ ne • v{^) + C, 


(29) 


C = 


IZ"ln| 


-,d9dx 


+ ne ■ a. 


vol(iF) vol(L) 

Since the bodies L and D are fixed, dilating the body K we can make 
this constant equal to zero. Indeed, multiply the Minkowski functional of K 
by a positive constant A, then 

^ lnX\\9\\Kd9dx ||0||^" In \\9\\Ld9dx , 

C = — -^^—ttvt;- - --h ne • a 


A "■vol(iF) vol(L) 

Ik mu [In a + In ||6i||i^] d9dx \\9\\l"^ In \\9\\Ld9dx 


vol(iF) 


vol(L) 


+ ne ■ a 


^ ^ , Jj,\\9\\],^ln\\9\\Kd9dx JJ9\\l^ln\\9Ud9dx , 

= n In A H-777-7-77-77-h ne • a 


vol(iF) 


vol(L) 
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One can choose a A > 0 so that C = 0. Therefore from (P|) we get 

^ /x,In|(x,^)|dx _ /l | (x, ^)|dx 

vol(i^) vol(L) ~ vol(L) ’ 

since v is non-positive. Therefore 

TIK C r^L. 

Now using Parseval’s formula and inequality PH) we get 

1 1 


(30) 


voi(iir) 


(In llxlli, — CL)dx = 


+ 

< - 


(27r)^ 

vol(iG) 

1 

f \ 

(27r)^ 

Js"-^ 

1 

1 

(27r)^ 

vol(L) 

1 

1 

(27r)^ 

vol(L) 

1 

1 


In I (x, ^)|dx 


(ln||x||L)^(0dC 


1 


vol(L) 


In |(x, ^)\dx — €v{^) 


(ln||x||L)^(0d? 


In I (x, ^)|dx 


(In ||x||L)^(0d^ 


eu(0(ln||x||L)'^(0d? 


(27r)” vol(L) Jsn-i 
1 


In I (x, ^)|dx 


(ln||x||L)^(0d^ 


(In ||x||l - CL)dx, 


vol(L) 

where the inequality follows from the fact that v is non-positive and it is 
supported on the set where —(In ||x||l)^(^) < 0. 

Recalling the inequality (1^ 


1 

-> 


1 


1 1 


we get 


^ uzvi / ln||x||L(ix>-h-[ln(vol(R:)) - ln(vol(L))], 

n vol(R j Jx n n 

vol(R) < vol(L). 


□ 
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